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The search for topological superconductors and non-Abelian Majorana modes ranks among the
most fascinating topics in condensed matter physics. There now exist several fundamental super-
conducting phases which host symmetry protected or chiral Majorana modes. The latter, namely
the chiral Majorana modes are protected by Chern numbers in even dimensions. Here we propose
to observe novel chiral Majorana modes by realizing Fulde-Ferrell-Larkin-Ovchinnikov state, i.e.
the pairing density wave (PDW) phase in a Weyl semimetal which breaks time-reversal symmetry.
Without symmetry protection, the 3D gapped PDW phase is topologically trivial. However, a vor-
tex line generated in such phase can host chiral Majorana modes, which are shown to be protected
by an emergent second Chern number of a synthetic 4D space generalized from the PDW phase.
We further show that these chiral modes in the vortex rings obey 3D non-Abelian loop-braiding
statistics, which can be applied to topological quantum computation.
Eighty years ago, Ettore Majorana proposed a new
fermion which is identical to its antiparticle and now
called Majorana fermion (MF) [1], and speculated that it
might interpret neutrinos. While the evidence of MFs as
elementary particles in high energy physics is yet elusive,
the search for MFs has energetically revived in condensed
matter physics and become an exciting pursuit in recent
years [2–4]. Rather than being elementary particles, MFs
can emerge as quasiparticles localized in surfaces or de-
fects of p-wave topological superconductors (SCs) [5, 6].
Besides the early proposed intrinsic p-wave SCs, the stud-
ies have shown that combining conventional s-wave SC
and spin-orbit (SO) coupled systems can render effective
p-wave pairing states [7–11], bringing the realization of
MFs to realistic solid state experiments. In the last cou-
ple of years, the suggestive signatures of Majorana modes
have been observed with heterostructures formed by s-
wave SCs and semiconductor nanowires [12–14], mag-
netic chains [15], or topological insulators [16, 17].
MFs in different dimensional SCs exhibit fundamen-
tally distinct properties. In odd dimensions topological
SCs classified by integers necessitate symmetry protec-
tion, such as time-reversal (TR) and particle-hole sym-
metries, so do Majorana modes in such systems. The
famous examples include the 1D Kitaev chain [18] which
belongs to BDI symmetry class, with Majorana zero
modes at chain ends being protected by chiral symme-
try, and the 3D TR invariant (class DIII) topological
SC [19–22] which hosts helical Majorana surface modes
protected by TR symmetry and characterized by a 3D
winding number. In contrast, topological SCs in even di-
mensions can be chiral topological orders which require
no symmetry protection. A notable toy model is the 2D
p + ip SC [5, 23] which is a non-Abelian chiral topolog-
ical order classified by the 1st Chern number, and hosts
chiral Majorana edge modes whose gapping is forbidden
by energy conservation. Stacking p + ip SCs along the
third direction yields a 3D system [24] with anisotropic
Majorana surface modes corresponding to, however, the
Chern numbers of the original 2D subspace rather than
any 3D topological invariant, implying that these surface
modes are not intrinsic chiral states of the 3D phase. As
a consequence, the stacked phase is not a 3D non-Abelian
topological order, unlike the 2D p+ ip chiral phases.
Here we propose to observe novel chiral Majorana
modes by realizing Fulde-Ferrell-Larkin-Ovchinnikov
state [25, 26], i.e. pairing density wave (PDW) phase in a
3D Weyl semimetal whose study attracted great interests
only recently [27–33], and show that such modes can real-
ize exotic non-Abelian loop braiding statistics, applicable
to topological quantum computation [34–36]. While the
3D gapped PDW phase is topologically trivial, a vortex
line generated in this phase can host intrinsic chiral MFs
which are protected by an emergent 2nd Chern number
of a synthetic 4D space generalized from the physical 3D
system. This study shows that the gapped PDW phase,
being trivial in 3D, is an emergent non-Abelian topolog-
ical order in a 4D synthetic space.
Model.–We start with a minimal model for Weyl
semimetal tuned by SO coupling, which can be realized
for cold atoms based on a recent experiment [37, 38], to-
gether with an attractive Hubbard interaction of strength
U which can drive superconducting/superfluid phases.
The present Weyl-Hubbard model is described by
H =
∑
p
ψ†phpψp − U
∑
i
ni↑ni↓, (1)
hp = [mz − 2t0(cos px + cos py)− 2tcz cos pz]σz
+2tSO(sin pxσx + sin pyσy)− µ− 2tsz sin pz,
where the spinor ψp = (cp↑, cp↓), the particle number
operator niσ = c
†
iσciσ, t0 (tSO) is the coefficient of spin-
conserved (spin-flipped) hopping in x-y plane, σx,y,z are
Pauli matrices on spin space, and µ is chemical potential.
Moreover, we consider the hopping terms along z direc-
tion with (tcz, t
s
z) = tz(cosϕ0, sinϕ0), which break inver-
sion symmetry of the Weyl semimetal unless ϕ0 = npi/2
with integer n. For mz = 4t0 + 2t
c
z cosQ (0 < Q < pi),
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FIG. 1: Weyl metals, mean field phase diagrams, vortex line configuration, and 2nd Chern numbers. (a,b) Schematic for Fermi
surfaces and superconducting pairing of inversion symmetric (for a) and inversion symmetry broken (for b) Weyl metals. The
two ellipsoids centered at Q± are the Fermi surfaces. The spin orientations, shown by black arrows, at the Fermi surface around
Q− is flipped when 0 < µ < 2tsz sin |Q±|. The colored lines represent the pairing order parameters ∆q with q = 0, 2Q±. (c,d)
Phase diagram for inversion symmetric (for c) and inversion symmetry broken (for d) Weyl metal versus attractive Hubbard
interaction U and chemical potential µ. (e) Configuration of two vortex lines with opposite vorticities. (f) The emergent 2nd
Chern number C2 for a 4D synthetic space generalized from the 3D physical system in the inversion symmetric case and with
µ = 0.7. Upon increasing U , the system undergoes a transition from BCS to PDW′ phase. The circles (triangles) gives the 2nd
Chern number in BCS (PDW′) phase, which shows C2 ≈ −0.956 for PDW′ phase.
the Weyl semimetal has two nodal points of chiralities
χ = ± located at Qχ = (0, 0, χQ) and with energies
E± = −µ ∓ 2tsz sinQ, respectively. Without loss of gen-
erality, in the following we shall choose Q = 2pi3 and
t0,z = tSO = 1.0 to facilitate further discussion.
The superconducting/superfluid phases can be induced
with an attractive interaction U > 0. The possible pair-
ing orders are of two distinct types, namely the s-wave
BCS and PDW phases, as sketched in Fig. 1(a). The
former describes a uniform pairing order ∆0 occurring
between two different Weyl cones and with zero center-
of-mass momentum of Cooper pairs, while the latter are
spatially modulated orders ∆2Q± occurring within each
Weyl cone and the Cooper pairs have nonzero center-of-
mass momentum [33, 39–42]. These pairing orders can
be written as ∆q =
U
2N
∑
k〈cq/2+k↑cq/2−k↓〉, with q =
0, 2Q±, and N being number of sites, and the interaction
is decoupled into HMF =
∑
k,q ∆q c
†
q/2+k↑c
†
q/2−k↓ + h.c.
Here k is summed over the entire Brillouin zone. Having
both BCS and PDW phases, the order parameter takes
the following generic form in real space
∆(r) = ∆0 + ∆+2Qe
i2Q+·r + ∆−2Qei2Q−·r. (2)
The BCS and PDW orders may compete governed by
following underlying mechanisms [43]. The BCS pairing
connects two different Weyl cones with opposite chirali-
ties and cannot fully gap out the bulk, since the chirali-
ties, characterizing the topology of the Weyl Fermi sur-
faces, cannot be adiabatically connected without closing
the bulk gap. Accordingly, the BCS phase renders a Weyl
SC with four nodal points [39]. In contrast, the PDW or-
der can fully gap out the bulk since the pairings do not
connect the two Weyl cones but fold up the original Bril-
louin zone due to its spatial modulation. Nevertheless,
such spatial modulation may cost extra energy. Below
we perform a self-consistent study of the complete phase
diagram in different regimes.
The numerical simulation reveals different phase di-
agrams versus µ and U for the inversion-symmetric
[Fig. 1(b)] and inversion symmetry broken [Fig. 1(d)]
Weyl metals. For the inversion-symmetric Weyl metal
given by ϕ0 = 0, a direct transition from the Weyl metal
phase to the PDW′ phase, which has |∆+2Q| = |∆−2Q| 
|∆0| 6= 0, is obtained by increasing U in the low chem-
ical potential regime with |µ| < µc and µc ∼ 0.4. The
equality |∆+2Q| = |∆−2Q| in the PDW′ phase is a con-
sequence of the inversion symmetry. However, when µ is
tuned away from Weyl point and beyond the critical value
3|µ| > µc, the BCS phase with ∆0 6= 0 and ∆±2Q = 0 ap-
pears between the Weyl metal and PDW′ phase. This
result reflects that the pairings within each Weyl Fermi
surface dominates over those between two different Weyl
pockets in relatively low chemical potential regime. On
the other hand, if the inversion symmetry is broken, the
BCS phase is suppressed, and the system enters from
Weyl metal into PDW1 state first and then PDW
′
1 phase
by increasing U , as shown in Fig. 1(d) with ϕ0 =
3
32pi.
The PDW1 phase is characterized by |∆+2Q| ≥ |∆−2Q|
for µ ≥ 0 and ∆0 = 0, while in the PDW′1 phase a small
BCS order |∆0| < |∆±2Q| also emerges.
Vortex Line Modes.–Both BCS and PDW states have
only the particle-hole symmetry, so they are class D SCs
according to the Altland-Zirnbauer symmetry classifica-
tion [44]. From the current topological classification the-
ory [20–22], both BCS and PDW phases are px+ ipy SCs
stacked along z direction. Nevertheless, the two phases
exhibit fundamental distinction in the excitations along
vortex lines generated to the pairing orders.
We consider first the vortex line excitations for the
PDW dominated phase. For simplicity, we take that
|∆+2Q| = |∆−2Q| and ∆0 = 0, since a small perturbative
BCS order does not affect the results. Let a vortex line
with winding number n be along z-axis and attached to
∆+2Q, so that ∆+2Q = |∆+2Q| exp[inφ(r)], where the az-
imuthal angle tan(φ) = y/x. In the low energy limit we
can write down the effective Hamiltonian by linearizing
the 3D Weyl cone Hamiltonian around Q+ point
Heff =− (
∑
j=x,y,z
ivjσj∂j + µeff)τz (3)
+ ∆¯(ρ) cos(nφ)τx + ∆¯(ρ) sin(nφ)τy,
where vj is the Fermi velocity along j-th direction, µeff
is the chemical potential measured from the Weyl node,
and τ ’s are Pauli matrices for the Nambu space spanned
by fˆ(r) = [c↑(r), c↓(r), c
†
↓(r),−c†↑(r)]T . We implicitly
assumed that the vortex line is located at the origin
in the (x, y)-plane along z-axis, hence we choose cylin-
drical coordinate (ρ, φ, z). Here ∆¯ is a function that
∆¯(ρ → 0) = 0 and ∆¯(ρ → ∞) = constant and nφ is the
phase winding of the PDW component. As detailed in the
Supplementary Material [43], for n = ±1 the Majorana
in-gap modes can be obtained analytically and satisfy
Heffγz(ρ, φ, kz) = Ekzγz(ρ, φ, kz), with eigenvalues Ekz =
sgn(n)sgn(vxvy)vzkz, which implies that the vortex Ma-
jorana modes are chiral. The Majorana operator can
be constructed by γˆz(kz) =
´
d2r γz(ρ, φ, kz)fˆ(ρ, φ, kz),
with γˆz(kz) = γˆ
†
z(−kz) for real MFs. It can be seen that
the chirality χM` = sgn(nvxvyvz) of the vortex Majo-
rana modes related to the vortex winding n and Weyl
node chirality χ. With the chiral properties of Majorana
modes the above solution can be generalized to the case
with a generic winding number n = N . Actually, such a
vortex line is topologically equivalent to |N | vortex lines
with unity winding n = sgn(N ). In the later case each
vortex line hosts a branch of chiral Majorana modes. Due
to the chiral property putting the n branches of vortex
modes together cannot annihilate them, yielding n chiral
Majorana vortex modes. Nevertheless, in the continuous
limit a Majorana zero mode is obtained at kz = 0 only
when n is an odd integer.
The chirality of Majorana vortex modes imply that
these modes are gapless and traverse the bulk gap of the
PDW phase. To confirm this result, we perform a full
real-space numerical calculation of the Majorana modes
based on the lattice model. In particular, we consider
the inversion symmetric Weyl metal with µ = 0.7 and
U = 5.8. The self-consistent calculation reveals a PDW′
phase with ∆±2Q ≈ 0.201 and ∆0 ≈ −1.85 × 10−2, and
the system has a bulk gap Egap ≈ 0.21. We consider a
vortex line (n = 1) and anti-vortex line (n = −1) along
z-axis, separated from each other in x-y plane, and at-
tached to one of ∆0,±2Q, as sketched in Fig. 1(e). With
this configuration appropriate periodic boundary condi-
tion can be applied in the numerical calculation. The lo-
cal spectral function A(x, y, kz, E) can be obtained from
the retarded Green’s function GR(E) of the system
A = − 1
pi
∑
s=↑,↓
=〈x, y, kz, s|GR(E)|x, y, kz, s〉, (4)
where |x, y, kz, s〉 is the Bloch basis with momentum kz
and in real space for x-y plane [43]. Computing A(kz, E)
near the vortex core gives the energy spectra of the bulk
and the corresponding vortex lines.
Fig. 2(a) and (b) show the spectra measured from the
vortex line (n = 1) and anti-vortex line (n = −1), re-
spectively. It is clear that in both cases the chiral Majo-
rana vortex modes traverse the bulk gap connecting the
lower and upper bands. The chirality of these modes
depends on the vortex line winding number, consistent
with the previous analytic solution. This result is funda-
mentally different from that for a BCS dominated phase,
as shown in Fig. 2(c), where we compute the Majorana
modes by attaching vortex and anti-vortex lines to ∆0
with ∆0 = 0.25 and ∆±2Q = 0. Majorana zero-energy
flat bands associated with the vortex lines are obtained.
These Majorana zero modes are simply the vortex modes
of px + ipy SCs with different momenta kz.
Emergent 2nd Chern number.–Chiral gapless modes
have to be protected by chiral topological invariants,
e.g. the Chern numbers. However, it can be verified
that for any 2D sub-plane incorporating z-axis the 1st
Chern number of the PDW phase is zero. Moreover, the
3D system is also topologically trivial [20, 21] without
symmetry protection. As a result, a higher Chern num-
ber [24, 45, 46] may protect the Majorana vortex line
modes. Note that the SC order can be parameterized by
its phase factor ∆qe
inθ, where θ ∈ [0, 2pi) forms a 1D pe-
riodic parameter space S1. Together with the 3D lattice,
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FIG. 2: Chiral Majorana modes as in-gap bound states to a vortex line. (a-b) Spectral functions A(kz, E) in the inversion
symmetric Weyl metal with PDW orders obtained from self consistent mean field for µ = 0.7 and U = 5.8. The vortex line
is attached to ∆+2Q, with winding number n = +1 for (a) and n = −1 for (b). (c) Spectral function A(kz, E) for the BCS
dominated phase in the inversion symmetric Weyl metal with ∆0 = 0.25. Two segments of Majorana flat bands are obtained.
we construct a 4D synthetic space T 4 = T 3×S1 spanned
by p = (p, pθ) with p = (px, py, pz) and pθ = θ. In this
synthetic 4D space we define the 2nd Chern number by
C2 =
1
32pi2
ˆ
T 4
d4p ijk`Tr[FijFk`] ∈ Z, (5)
where  is the antisymmetric tensor and Fij are the gauge
field strengths calculated from the eigenvectors of the pa-
rameterized mean-field Hamiltonian H(p, pθ). We calcu-
late the 2nd Chern number for BCS dominated and PDW
phases, as shown numerically in Fig. 1(f). It is found that
C2 = 0 for the BCS dominated phase, while C2 ≈ −0.956
for the PDW phase obtained with the same parameters
except for U as in Fig. 2(a). The deviation of C2 from
an integer is due to finite size effect [43].
The difference in the 2nd Chern number C2 uncov-
ers the essential distinction between the BCS and PDW
phases realized in a Weyl semimetal. The BCS phase is a
reminiscent of 3D quantum Hall effect which hosts chiral
edge states and dislocation line modes, while these modes
are all essentially protected by 1st Chern number, rather
than 2nd Chern number, in 2D sub-planes [24]. In con-
trast, the protection of chiral Majorana vortex modes by
the emergent 2nd Chern number shows that the gapped
PDW phase, while being trivial in the 3D, is an intrinsic
topological order in the 4D synthetic space.
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FIG. 3: Three-loop braiding of chiral Majorana modes. (a)
Self braiding of the loops α and β, pierced by the third loop γ.
(b) Full braiding of loops α and β.
Non-Abelian loop braiding statistics.–Interpreting the
gapped PDW phase as an intrinsic topological order in
the 4D synthetic space is of high nontriviality. An im-
portant consequence is that the chiral Majorana modes
may obey new type non-Abelian statistics, for which we
consider vortex rings with winding number n = 1 and
perform a three-loop braiding [47] as sketched in Fig. 3.
From the particle-hole symmetry and chirality of the Ma-
jorana modes, one can readily show that the Majorana
spectrum of a vortex ring, which is threaded by even
or odd number of vortex lines, is generically given by
El = (l + 1/2)E0(L) or El = lE0(L), where l is integer
and E0(L) depends on the vortex ring size L. A vortex
ring in the former case contains even number of chiral
Majorana modes without zero energy state, while in the
later case each vortex ring harbors odd number of modes
including a Majorana zero mode, which is essential for
the realization of non-Abelian loop braiding statistics.
From the above result we know that the vortex rings α
and β in Fig. 3, which are linked to γ separately, host one
Majorana zero mode in each ring, while the vortex ring γ,
which has an even linking number, harbors no zero mode.
In this case, let ψj (j = α, β, γ) denote the j-th vortex
ring state which includes all chiral Majorana modes. Un-
der a full three-loop braiding between α and β, pierced
by γ [Fig. 3(b)], we can show that ψα, ψβ → −ψα,−ψβ ,
while ψγ is unchanged. A single braiding is then followed
by ψα → ψβ and ψβ → −ψα [Fig. 3(a)], which shows
the braiding operator to be Bαβ(γ) = exp(pi4ψαψβ) [23],
giving 3D non-Abelian loop braiding statistics. We note
that taking different vortex ring configurations may bring
rich different non-Abelian loop braiding statistics.
In conclusion, we have uncovered an emergent 4D non-
Abelian topological order based on a superconducting
Weyl semimetal, which hosts chiral Majorana modes pro-
tected by the 2nd Chern number. This topological phase
is distinct from the known topological superconductors in
the 1D to 3D systems, and is beyond the ten-fold Altland-
Zirnbauer symmetry classification (Discussion in [43]).
Thus our results may show insight into the search for new
5non-Abelian topological states. Moreover, the present re-
sult reveals a real physical system to explore the exotic
3D non-Abelian loop-braiding statistics, and shall push
forward the studies in both theory and experiment based
on realistic solid state materials and cold atom platforms.
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discussions. This work is supported by MOST (Grant
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Non-Abelian Majorana modes protected by an emergent second Chern number
I. Self-consistent mean field study
A. Brillouin zone folding
The Weyl-Hubbard model can be solved self-consistently by introducing both the BCS and PDW pairing orders.
The mean field Hamiltonian is given by
HMF =
∑
p
ψ†phpψp +HMF (S1)
hp = [mz − 2t0(cos px + cos py)− 2tcz cos pz]σz
+2tSO(sin pxσx + sin pyσy)− µ− 2tsz sin pz (S2)
HMF =
∑
k,q
∆q c
†
q/2+k↑c
†
q/2−k↓ + h.c. (S3)
∆q =
U
2N
∑
k
〈cq/2+k↑cq/2−k↓〉, (S4)
where the Hubbard interaction is attractive for U > 0, and the parameter ϕ0 governs the inversion symmetry of the
system, with tsz = tz sinϕ0, t
c
z = tz cosϕ0, mz = 4t0 + 2t
c
z cosQ, and the spinor operator ψp = (cp↑, cp↓). The BCS
order corresponds to q = 0 and PDW order corresponds to q = 2Q±, with Q± = ±Qeˆz. The PDW order breaks the
translational symmetry by connecting two Bloch states (one particle and one hole) with momenta k and −k+ 2Qeˆz,
respectively. An importance consequence is that the original Brillouin zone (BZ) folds up into 2pi/Q sub-Brillouin
zones if Q is a commensurate momentum.
For convenience we choose here Q = 2pi/3 and t0,z = tSO = 1 for the present study. The different choice of Q will
not qualitatively change the present results. With the PDW order the reduced BZ is 1/3 of the original BZ. The
Hamiltonian can then be written in the form
HMF =
1
2
∑
k
ψ˜†kHQ,kψ˜k, HQ,k =
[
hQ,k ∆ˆ
∆ˆ† −hTQ,−k,
]
(S5)
where we take the reduced BZ as kx,y ∈ [−pi, pi) and kz ∈ [−pi/3, pi/3), and denote basis for the reduced BZ by
ψ˜Tk =
(
cQ+k↑, ck↑, c−Q+k↑, (↑→↓); c†Q−k↑, c†−k↑, c†−Q−k↑, (↑→↓)
)
.
The explicit form of hQ,k is obtained by restricting the momentum of the Bloch Hamiltonian hp within a sub-BZ.
The order parameter ∆ˆ in the matrix form reads
∆ˆ =
[
∆[Q]
−∆[Q]
]
, ∆[Q] =
 ∆+2Q ∆−2Q ∆0∆−2Q ∆0 ∆+2Q
∆0 ∆+2Q ∆−2Q
 . (S6)
We note that this system with reduced translational symmetry obeys a particle-hole symmetry defined as
τxHQ,kτx = −HTQ,−k,
implying that the states at (k,E) and (−k,−E) in the reduced BZ, instead of the unfolded BZ, form a particle-hole
pair. Here τx is the Pauli matrix acting on the Nambu space.
6B. Mean field phase diagram
Utilizing Eqs. (S1) to (S4), we can iteratively compute the eigenvectors of the Hamiltonian and hence ∆q’s until
convergence. The resulting mean field phase diagrams against attractive interaction strength U and chemical potential
µ are shown in Figs. 1(c) and (d) in the main text for the inversion symmetric (ϕ0 = 0) and inversion symmetry
broken (ϕ0 =
3
32pi) Weyl metals respectively. Since the phase diagrams are symmetric with respect to µ → −µ due
to a “particle-hole symmetry” that the Hamiltonian (S1) possesses, so only the results for µ ≥ 0 is presented. We
also restrict ourselves to µ < 1 such that the systems resemble a Weyl metal and hence the choice ϕ0 =
3
32pi for the
inversion symmetry broken Weyl metal. For µ & 1, the systems are always gapless regardless of the presence of BCS
or PDW orders and hence no well-defined gapped topological state for defect modes.
The mean field phase diagrams show that the presence of superconducting orders require a finite U . For small µ, this
can be understood in terms of the vanishing density of states near the Fermi energy. Moreover, the non-ideal nesting
of Fermi surfaces is another reason for the presence of orders only with finite U [41]. This is in sharp contrast with the
mean field analysis using Weyl nodes with ideal nesting condition [39]. One can indeed improve the superconducting
nesting by choosing, e.g., Q = pi/2 (actually ideal nesting in this case). However, in the case of Q = pi/2, either one
of ∆±2Q can already gap out the whole system. Attaching vortex line to one PDW order would induce two chiral
Majorana modes of opposite chiralities separately at two Weyl nodes, and hence a null second Chern number. This
is undesirable for the study of the chiral Majorana modes that are nonetheless the main focus of the paper.
II. Analytic results of Majorana modes in the low energy limit
In this section, we analytically derive the vortex line chiral Majorana modes in a low energy effective Hamiltonian
for a single node in the Weyl metal with pairing of one PDW component. Consider the effective Hamiltonian
Heff = −(
∑
j=x,y,z
ivjσj∂j + µeff)τz + ∆¯(r) cos(nφ)τx + ∆¯(r) sin(nφ)τy, (S7)
where µeff is the effective chemical potential away from the Weyl node and τ ’s (σ’s) are the Pauli matrices for the
Nambu (spin) space spanned by fT (r) = [c↑(r), c↓(r), c
†
↓(r),−c†↑(r)]. Note that the anisotropy of Fermi velocities vx,y,z
cannot affect qualitatively the Majorana modes bounded to vortex lines, we can simply take that |vx| = |vy| = |vz| = vf
to facilitate the discussion [48]. For this we further absorb the Fermi velocities into the spatial derivative operator by
taking −ivjσj∂j → −iσj∂j , which can be easily restored later. The vortex line is located at the origin in the (x, y)-
plane along the z-axis, hence the choice of cylindrical coordinate (ρ, φ, z). Here ∆¯ is a function that ∆¯(ρ → 0) = 0
and ∆¯(ρ→∞) = constant and nφ is the phase winding of the PDW component. Heff can be solved in several steps.
First, we perform a spin rotation U = exp(−ipi4σz) such that
U−1
∑
j
σj∂jU = ∂xσy − ∂yσx + ∂zσz. (S8)
Secondly, we solve U−1HeffU for a special case kz = 0 (i.e. ignore the −i∂zσzτz term). The details can be found in
[48]. The Majorana wave function is U−1〈ρ, φ|γ0〉. We then perform the inverse spin rotation to obtain the solution
for our hamiltonian Heff , the wave function is
〈ρ, φ|γ0〉 = [ξ˜1(ρ, φ), ξ˜2(ρ, φ), ξ˜∗2(ρ, φ),−ξ˜∗1(ρ, φ)]T ,
with (u0 ≡ exp[−
´ ρ
0
dρ ′∆(ρ ′)])
ξ˜1(ρ, φ) = e
ipi/4eimφu0(ρ)Jm(µeffρ),
ξ˜2(ρ, φ) = e
i3pi/4ei(m+1)φu0(ρ)Jm+1(µeffρ),
and the Majorana operator for kz = 0 and E = 0 as
γˆ0 =
ˆ
d2ru0(ρ)
[
eipi/4eimφJm(µeffρ)c↑(ρ, φ) + ei3pi/4ei(m+1)φJm+1(µeffρ)c↓(ρ, φ) + h.c.
]
. (S9)
Note that we have the real condition for Majorana fermions in real space γ† = γ. Here the vortex winding n ∈ Z is
related to m ∈ Z by
n = 2m+ 1. (S10)
7Note that only odd vortex windings permit zero-energy solutions at kz = 0. Finally, we add back the −i∂zσzτz term.
It is easy to see that the wave function for the Majorana modes have the form
〈ρ, φ, kz|γz〉 = exp(ikzzσzτz)[ξ˜1(ρ, φ), ξ˜2(ρ, φ), ξ˜∗2(ρ, φ),−ξ˜∗1(ρ, φ)]T
= [eikzz ξ˜1(ρ, φ), e
−ikzz ξ˜2(ρ, φ), e−ikzz ξ˜∗2(ρ, φ),−eikzz ξ˜∗1(ρ, φ)]T (S11)
and the corresponding energy Ek is given by the eigen-equation (restore the anisotropic Fermi velocities vj)
Heffγz = Ekγz, Ek = χM`vzkz, (S12)
where the chirality of the Majorana line mode is χM` = +1. Finally, we have the Majorana operator for kz 6= 0:
γˆz(kz) =
ˆ
d2r γz(ρ, φ, kz)fˆ(ρ, φ, kz)
=
ˆ
d2ru0(ρ)
[
+ eikzz
(
eipi/4eimφJm(µeffρ)c↑(ρ, φ, z) + h.c.
)
+e−ikzz
(
ei3pi/4ei(m+1)φJm+1(µeffρ)c↓(ρ, φ, z) + h.c.
)]
, (S13)
which satisfies γz(kz) = γ
†
z(−kz) for (real) Majorana fermion.
We note that in the above derivative the condition n = 2m + 1 is needed only for the existence of Majorana zero
mode at kz = 0. This condition is however not necessary for the existence of Majorana chiral modes along the vortex
line. With the chiral properties of Majorana modes the above solution can be generalized to the case with a generic
winding number n = N . Actually, such a vortex line is topologically equivalent to |N | vortex lines with unity winding
n = sgn(N ). In the later case each vortex line hosts a branch of chiral Majorana modes. Due to the chiral property
putting the n branches of vortex modes together cannot annihilate them, yielding n chiral Majorana vortex modes.
The chirality of the Majorana vortex modes depends on a couple basic properties. First, we consider a Weyl node
with opposite chirality χ without sign change in µeff , which is associated with the case of an inversion symmetric
Weyl metal for ϕ0 = 0. Here the transformation is given by that of the particle-hole symmetry C is the operator for
particle-hole symmetry such that CHeff(k)C−1 = Heff(−k). Then we can readily show that a superconducting Weyl
node of opposite chirality [the hamiltonian is given by Heff(−k)] has eigenvalues E = −vzkz for the corresponding
eigenvectors Cγz, or simply Heff(−k)Cγz = (−kz)Cγz. (ii) Next we consider a Weyl node with opposite chirality χ
with sign change in µeff , which is associated with the case of an inversion symmetry broken Weyl metal for ϕ0 6= 0
and µ = 0. The corresponding transformation is P = τz such that PHeff(k, µeff)P−1 = −Heff(−k,−µeff). (iii)
Finally, we consider flipping the vortex winding n → −n. The corresponding transformation is U1 = iτy such that
U1Heff(k, n = 1)U
−1
1 = Heff(k, n = −1). Collecting all these results together, and restoring the anisotropic Fermi
velocities v, that is Heff(k)→ Heff(v · k), we thus have
χM` = sgn(nvxvyvz). (S14)
III. Chiral Majorana vortex modes from real-space calculation
For a full real-space diagonalization of the vortex line modes, we consider a vortex line (n = 1) and anti-vortex
line (n = −1) along z-axis, separated from each other in x-y plane, and attached to one of ∆0,±2Q. Note that in
considering a vortex and anti-vortex line pair for the system, we can still apply the periodic boundary condition for
the numerical calculation. Nevertheless, the momentum k is no longer good quantum number, and so the Hamiltonian
HMF should be diagonalized in real space r = (x, y, z). The retarded Green’s function can be obtained by
GˆR(E) = |α1〉[GˆR(E)]α1α2〈α2|, (S15)
with basis in the position and spin space α ≡ (r, s) and s = {↑, ↓}. The elements read
[GˆR(E)]α1α2 =
∑
η
Uα1ηU
∗
α2η
E − Eη + i0+ . (S16)
Here Eη and Uαη are the eigen-energies and corresponding eigenvector matrix obtained after solving the real space
Bogoliubov-de Gennes equation for (S1). Then the spin-dependent local spectral functions are given by
As(x, y, kz, E) = − 1
pi
Im〈x, y, kz, s|GˆR(E)|x, y, kz, s〉, (S17)
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FIG. S1: Local spectral densities A(kz, E) and chiral Majorana line modes in inversion symmetric Weyl metal. (a) The vortex
line with positive winding number n = +1 and attached to ∆+2Q; (b) The vortex line with negative winding number n = −1
and attached to ∆+2Q; (c) The vortex line with positive winding number n = +1 and attached to ∆−2Q; (d) The vortex line
with negative winding number n = −1 and attached to ∆−2Q. The parameters are that Q = 2pi/3, µ = 0.7, U = 5.8, with
which the self consistent mean field solutions give ∆0 = −1.849×10−2 and ∆±2Q = 0.2014. System is periodic in x- and y-axis,
while open in z-axis, and has size Nx/2 = Ny = 55 and Nz = 162.
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FIG. S2: Numerical results for the configurations similar to those in Fig. S1, except that the vortex lines are along y-axis. The
system is also periodic in x- and z-axis, while open in y-axis, and has size Nx/2 = Nz = 54 and Ny = 162. Besides the chiral
Majorana modes, the non-chiral Andreev bound modes are also explicitly obtained in the vortex lines.
where |x, y, kz, s〉 = 1√Nz
∑
z e
ikzz|r, s〉. We emphasize that due to the PDW order, the momentum kz of the unfolded
BZ is actually not a quantum number either. Nevertheless, to reveal the dispersion of the Majorana modes in the
vortex line, we still extract the information of relation between the energy of vortex modes and quantum momentum
kz. Finally, the local spectral function is
A(x, y, kz, E) =
∑
s
As(x, y, kz, E). (S18)
Computing A(kz, E) near the vortex core gives the energy spectra of the bulk and the corresponding vortex lines.
9Fig. S1(a-d) show the spectra for different configurations. It is clear that in both cases the chiral Majorana vortex
modes traverse the bulk gap connecting the lower and upper bands. The chirality of these modes depends on the
vortex line winding number and also which pairing order the vortex line is attached to, consistent with the previous
analytic solution. As a comparison, we have also done a similar measurement A(ky, E) for the vortex lines along
y-axis and the sign flip property of χM` remains intact. The results are shown in Fig. S2. These results show that the
chiral Majorana line modes observed in the Weyl system is irrespective of the directions.
IV. Emergence of the second Chern number
The second Chern number is defined in the 4D space, while the present physical system is a 3D system. To have
a second Chern number, we parameterize the Hamiltonian by taking into account a phase factor of the SC order as
∆qe
inθ, where θ ∈ [0, 2pi) forms a 1D periodic parameter space S1. Together with the 3D lattice, we construct a 4D
synthetic space T 4 = T 3 × S1 spanned by p = (p, pθ) with p = (px, py, pz) and pθ = θ. Let the eigenvectors after
solving the mean field Hamiltonian HMF(p) are |α, p〉 (α as band index), we can then compute C2 by
C2 =
1
32pi2
ˆ
T 4
d4p ijk`Tr[FijFk`], (S19)
where  is the antisymmetric tensor and the gauge field strengths Fij are calculated based on the non-Abelian gauge
potentials aj by
a
αβ
i (p) = −i〈α, p|∂i|β, p〉,
F
αβ
ij (p) = ∂ia
αβ
j − ∂jaαβi + i[ai, aj ]αβ .
= −i (∂i〈α, p|PE(p)∂j |β, p〉 − (i↔ j)) .
Since the Chern numbers are topological invariants, they are not changed as long as the bulk gap of the system
is not closed. In this way, the calculation of the Chern numbers can be simplified by deforming the original bulk
Hamiltonian so that the bulk bands become flat while keeping the gap to be open. In other words, we consider the
diagonalized Hamiltonian in the flat-band limit, given by
hF (p) = εGPG(p) + εEPE(p),
where εG < 0, εE > 0 and PG(E) is a projection operator to the occupied (empty) states. With the projection operator
the second Chern number can be further calculated by [46]
C2 =
1
8pi2
ˆ
T 4
d4p ijk`Tr[PE∂iPG∂jPGPE∂kPG∂`PG], (S20)
where ∂i ≡ ∂∂pi . We note that this expression is gauge invariant and it is suitable for numerical calculation. Numeri-
cally, the derivatives are taken using the symmetric difference quotient method, namely
∂jPG,E(pi) =
1
2δj
[PG,E(pi + δj)− PG,E(pi − δj)],
where individual pi = 2pi
ni
Ni
for ni = 0, 1, . . . , Ni−1, and δj = 1r′ 2piNj . Here Ni is the discretization in the i-th direction
and r′ is a parameter added to enhance the accuracy of the derivatives.
On the other hand, if we compute the 2nd Chern number (S19) for only a single superconducting Weyl cone with
vortex line based on the low-energy effective Hamiltonian Heff , as given in (S7), we can show that the corresponding
second Chern number takes a simple form
C2 = −χn ∈ Z. (S21)
This result is consistent with the 2nd Chern number computed numerically with formula (S20) and based on the full
lattice Hamiltonian, as summarized in Table I. We also find that when the system size increases, the magnitude of
|C2| approaches unity. The sign flip property of C2 is shown in Table II.
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U C2 Note
5.6 −0.89783698 gapless spectrum
5.7 −0.9554145 Fully gapped
5.8 −0.95628694 Fully gapped
5.9 −0.95659966 Fully gapped
6 −0.9561468 Fully gapped
TABLE I: Second Chern numbers for positive vortex winding n = +1 attached to ∆+2Q. We consider inversion symmetric
Weyl metal with µ = 0.7 and various U ’s. The system size is Nx,y,z,θ = N0 = 100 and derivative enhancing parameter is r
′ = 5.
Vortex lines attached to Vortex line winding n C2
∆+2Q +1 −0.95628694
∆+2Q −1 +0.95628694
∆−2Q +1 +0.95628694
∆−2Q −1 −0.95628694
TABLE II: The 2nd Chern number C2 with respect to χ and n. We consider inversion symmetric Weyl metal with µ = 0.7 and
U = 5.8. The system size is Nx,y,z,θ = N0 = 100 and derivative enhancing parameter is r
′ = 5.
V. Discussions
We note that in defining the synthetic 4D space, the parameter pθ for the SC order is a constant variable, independent
of real position r. This definition has nothing to do with the vortex line generated in the real space. On the other
hand, once the superconducting Hamiltonian HMF(p, pθ) for the defined 4D synthetic space is topologically nontrivial,
namely, has nonzero 2nd Chern number, it gives rise to novel physical consequences, including that a vortex line
generated in the PDW phase hosts chiral Majorana modes.
The emergence of the 2nd Chern number shows that the gapped PDW phase, while being trivial in the 3D, is an
intrinsic non-Abelian topological order in the 4D synthetic space. Nevertheless, we note that this emergent topological
phase is beyond the ten-fold Altland-Zirnbauer symmetry classification [44]. Actually, within the scope of the current
topological classification theory [20–22], the class-D superconductor in 4D should still be topologically trivial, implying
that the 4D Hamiltonian HMF(p, pθ) cannot be characterized by the current topological classification theory. A subtle
reason is because the extra dimension, defined through the parameter space pθ of the SC order, is qualitatively different
from the 3D physical space (px, py, pz). This leaves an interesting open question: how to classify the topological states
in generic synthetic dimensions.
∗ Corresponding author: xiongjunliu@pku.edu.cn
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